
Field of a magnetized object 6.2.1
This will follow your author's treatment very closely

For a single dipole, we have: A⃗ ( r⃗p)=
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4π

m⃗x r⃗ ip

rip
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Suppose the object though consists of a many dipoles. We can superimpose the
vector potentials to obtain:
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4π
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d τ

where the magnetization (M) is defined as the magnetic dipole moment per unit
volume. As before:

∇⃗ i( 1
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)=
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So:
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This can be integrated by parts to give (ultimately):
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The first term looks like the potential of a volume current: J⃗b=∇⃗ xM⃗ .

The second term looks like the potential of a surface current: K⃗b=M⃗xn̂ .

This means the potential due to a magnetization can be represented as bound
volume and surface currents:
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∰
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Which you will note looks a whole lot like what we have for polarized objects:
ρb=−∇⃗⋅⃗P:σb=P⃗⋅n̂

Example 6.1
What is the magnetic field of a uniformly magnetized sphere.

Let M be along the z-axis so that:

J⃗b=∇⃗ xM⃗=∣
x̂ ŷ ẑ
∂

∂x
∂

∂y
∂
∂z

0 0 M
∣=0  (could have done this easier)



K⃗b=M⃗xn̂=∣
x̂ ŷ ẑ
0 0 M

sinθcosϕ sinθsinϕ cosθ
∣=x̂ (−Msinθsinϕ)−ŷ (−Msinθcosϕ )

⇒ K⃗b=Msinθ (−sinϕ x̂+cosϕ ŷ )=Msinθϕ̂

(of course, having it worked out makes this easier to see).

Now according to your author, this is equivalent to a spinning sphere of charge.
Let's obtain the field in such a situation. This is Example 5.11

The sphere has a surface charge σ , of radius R and is spinning with ω.  Let the
angular velocity be tilted away from the polar angle by an angle Ψ in the x-z

plane.
The vector potential is:

A⃗=
μ0

4π
∯

K⃗
r ip

da

Here, K⃗=σ v⃗
Then

ω⃗=ωsin ψ x̂+0ŷ+ωcosψ ẑ
and we find the surface current by:

K⃗=σ v⃗=σω⃗x r⃗i=σ ω∣
x̂ ŷ ẑ

sinψ 0 cosψ

sinθcosϕ sinθsinϕ cosθ
∣

=σω (−sinθsinϕcos ψx̂−ŷ(sinψcosθ−sinθcosϕcosψ)+ẑ(sinψsinθsinϕ))
Upon integration on the sphere, the only term that will survive the integration is:

−sin ψcosθ ŷ
So the vector potential will be given by:

A⃗=−ŷ
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Your author integrates this by a trig substitution: (see page 237)

u≡cosθ⇒∫
−1

1
du

√R2
+rp

2
−2Rrpu

=
−1

3R2r2 [ (R2+rp
2+Rrp)∣R−rp∣−(R2+rp

2−Rr ) (R+r ) ]

To give the result (letting the angle now be along z):
note thatωx r̂p=ω rpsinϕ ϕ̂  

A⃗=
μ0σR

3 (ω⃗x r⃗p ) inside the sphere

A⃗=
μ0σR4

3rp
3 (ω⃗ x r⃗p) outside the sphere

From here:

B⃗=∇⃗ x A⃗=
2
3

μ0σR ω⃗


