The theory of vector fields : the Helmholtz theorem
“to what extent is a vector field determined by its divergence and curl?”

Suppose

V- F=D and VxF=C with V.C=0
is it possible to determine F uniquely?

The answer provided by the Helmholtz theorem is (approximately) yes, provided
that the fields satisfy the boundary condition that they vanish at infinity. For all
physical problems involving electric and magnetic fields this is true but, for infinite
lines (of charges , currents) or infinite planes (of charges , currents) (as
examples), since the fields do not necessarily vanish at infinity, your author states
that you need to use symmetry arguments in order to provide boundary
conditions.

| say approximately because there is also the chance to add a constant to F .
This then leads up to the important concept of potentials:

Note: V is called the “scalar potent|al "

Irrotational fields: if VxF OoF=— VV
If F satisfies one of these conditions, it satisfies all of them:

(a) VxF=0 everywhere
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L does not depend upon the path between two endpoints a and b.

(c) ¢ F-dL=0 for any correctly closed path

closed path
(d) VV for some scalar functlon V. (negative is physics convention)
More generally: VV+ VxA ( F is a irrotational vector field)

The scalar potential V |s not uniquely determined: any constant (or, in fact any
curl of any vector funct|on) can be added to it. This is because

V. (VXA) 0 (problem 1.26)
This will lead later to being able to choose a particular gauge.

Note: A is called the “vector potential.”
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It is worth mentioning the bac-cab rule: AxBxC=B

A differential form of this is: VX(VX ,3\) ? A

Additionally, the following are true: V(V-A) 0 and VX(V¢)
Note, however, these are true:
VxlwVol=VwxVe and Vx|WA|=w(VxAl+VwxA
The single curl can be a bit more cumbersome:

Vx|AxBl=AlV-B|-B|V-Al+BV/A-[A-V|B

A-B| .
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These and more are all found under the topic “vector calculus identities.”



R rotational fields: _V>-E=0©E=_V>XA :
If F satisfies one of these conditions, it satisfies all of them:
(a) _V>-?:O everywhere
(b) gﬁﬁ-dﬂ is independent of the surface, for any given (finite) boundary line
(c) gﬁﬁd A=0 for any close surface
(d) F=—VV+ VxA ( F is a solenoid vector field)

The vector potential A is not uniquely determined: any constant (or, in fact any
divergence of any scalar function) can be added to it. This is because

Vx(VV)=0 (problem 1.27)
This will lead later to being able to choose a particular gauge.



