Reflection and Transmission at Oblique Angles of incidence 2016
The interface lies at z=0 and is the x-y plane. Here the plane of
incidence will lie within the sheet and is parallel to the plane of
polarizaton.
Incident waves:
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Wave number relations:

vV, n,
k,vi=kgVv;=k; v, =kpg=k=—=k;=—k-

1 r]2

The frequencies are all the same.
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At the interface, for all times, the field on the left side must sum to equal the
fields on thg righ:c side. This means:
k T=kgT=kT (atz=0).
In terms of the components:
kl,xX:kR,xX:kT,xX : kl,yy:kR,yy:kT,yy: I<I,x:kR,x:kT,x : I<I,y:kR,y:kT,y
Note: yes k may have a z-component but at the interface, z=0.
Free to orient the x-z plane so that k; lies in the x-z plane and thus the other
two vectors will also lie in this plane. However note that this plane is not
necessarily parallel to the interface. This plane is called the “plane of incidence.”
It also corresponds to “lies on the sheet of paper.”

Since the components of k are equal we then have:
k,sin6,=kgsinBg=k;sin 6
And the angles are angle of ( incidence, reflection, and refraction) respectively.

The law of reflection says: 6,=0,

Snell's law also applies which says:
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The boundary conditions to be satisfied are:
¢,E-=¢,E;  E!=El
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Here this means:
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Assume the plane of the polarization is parallel to the plane of incidence.

It is worthwhile to show that the transmitted and reflected polarizations are all in
the same plane as the incident polarization. (problem 9.14)

Assume:
N=X:Nz=C0S P X+SiNPr Y :N;=COS p; X+SiN Y
where the angles are polarization angles with respect to the x axis which is the
incident direction of polarization. This means the incident electric field amplitude
is, without loss of generality, along the x direction and this only has an x-
component. Looking at boundary condition 3 then shows:

[EOI+EOR ;

Eo 1
[EO,R]y: OlT]y
now it is absolutely straight-forward to see that the R and T polarization in the y
direction must be at least the same. This means ¢z=¢; . However, from the first

equation, we must have that if this is anything other than zero, there is a
component of the electric field which can not be covered by the boundary
condition. This means that the incident, the reflected and the transmitted waves
all lie in the same plane of polarization (but do not all necessarily have the same
polarization) so long as the plane of polarization is parallel to the plane of
incidence.
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There are 3 important laws for describing reflection and transmission:
(1) The plane of incidence is defined by that plane in which the incident, the
reflected and the transmitted wave all lie. (They all lie within the plane of
incidence). We've decided this means they are in the plane of the sheet (x-z).

(2) The law of reflection: 0,=0, .
(3) Snell's law: n;sin6;=n,sin6, .

Now let's see what we can do with the boundary conditions (getting rid of the
exponentials because they cancel) ... (z=0 at the interface, frequency is the same
for all three waves).
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Now suppose the polarization of the incident wave is parallel to the plane of
incidence which basically means that the electric field amplitude lies within this
plane. Note that if this is the case, then the magnetic field amplitudes come out of
the sheet or go into the sheet. Then the reflected and transmitted waves have
polarizations that also lie in this plane. This is assuming we orient the polarization
relative to the electric fields.

This is not going to be the easiest thing to get through but: the incident magnetic
field comes in with an angle of 90 degrees with respect to the direction of
propagation. This is required for TEM waves. The magnetic field in this instance is
assumed and required to lie in the plane of the interface (not the plane of
incidence) which thus is used to define the plane or polarization. However, the
plane of polarization does not lie in the plane formed by E and B. The normal to
this (ExB) plane (which is the direction of propagation given by the Poynting
vector) makes the angle 6, with respect to the normal to the plane of the
interface. Also notice that things have been arranged so that the incident electric
field intensity is in the x-z plane so that there is no y-component of the incident,
reflected or transmitted waves.
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AN The incoming electric field has the orientation shown. The
angle it makes with respect to the normal to the plane of
interface is given by cos(6,) . So the z-component of the
incident electric field is given by —E,,sin(6,) .Note that we
have arranged the incident wave so that there is no magnetic
z-component associated with the incident, reflected or
transmitted waves.




The entire incidence, reflection, and transmission situation
looks like this. The magnetic field is at right angles to each of
the electric field vectors and is coming out of the page or going
into the page for each of the 3 vectors. Thus there is no z-
component of the magnetic field. Follow through with the
construction that | indicated for the incident electric field and
you'll find that the reflected z component of the electric field is
given by: E,rcos(6;) . Looking at E: you can see that the z-
component of this electric field is given by —E,,sin(6;) .

Understanding why the transmitted electric field is as indicated is easy. | think the
place where thought is needed is the reflected electric field. A quick (and not
completely correct) way to imagine it is this: the E field hits the interface first with
the end without the point. That is the first reflected. The arrow end is the last to
strike but the other end has already moved away. As | said, not completely
correct.

We can now write the results of BC(1):

€1 —Eq,Sin(6))+Eq rSiN(0g)| =€, Eq . SiN(0)]
| think that possibly the easiest way to get the components here is to extend them
towards the optical axis and use knowledge of the right triangles that form to get
this. We have in this instance required the magnetic fields to lie in the plane of
incidence so the second boundary condition give no new information.

The third boundary condition gives (through the same process | | earlier showed):

|Eo, c0s(0))+Eq qCOS(05)|=E,rcOS(67)
Now remember that the magnetic fields are related to the electric fields by
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let's look at the 4™ boundary condition.
1 = = 1 rq

M_l[BO,I+BO,R x,y:u_z[BO,T X,y

In order to evaluate this, we need to work with the components of the electric

fields that were obtained above. It kind-of goes like this:




(a) find the components of k, : k,;=sin(8,)x+cos(6,)z

E =E,, cos(6,)x—E, sin(6,)2

X
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=E, [0X-09+(sin’(6) —cos*(6,)||=—E,,
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50: |A<1XE0,|=E0,| sin(,) cos(6,)
cos(8,) —sin(0,)

(b) find the components of k,
Eo.n =0, COS(0) X+Eq o SiN(05) 2
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k,XEq o =E, a| 5iN(B;) —cos(
cos(0;) sin(0g

(c) find the components of k; :

Eor=E 1COS(0;)X—Eq Sin(67)2

K,=sin(6,)X—Ccos(6;)2
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ky=sin(6;)X+cos(0,)Z

k,XEy 1=y q|Sin(0;) cos(6;) 0O|=E,.|—sin’(6,)—cos?(0,)|2=—E, .2
cos(06;) —sin(6;) O
We then have the fourth boundary condition gives:
1 = = 1 = 1l = & 1l -
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It is easy to see that this condition reduces to:
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Where p=

With t~he Iqw of reflection , the first condjtion is:
€1~ Eq +Eor|SiN(0))=¢,|—Eq (Sin(0;)] =, [Eq,—Eo p|SIN(6) =€, Eq 7 SiN(67)]
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Now we use Snell's law:, noting that — =— gives
sin(6,) n
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gives:

&~ = U Vi = £~
EO,I_EO,R: Eo,T:ﬁEo,T .
U,V

Note that the last boundary condition gives no new information.



The remaining boundary condition was: [E, ,cos(6,)+E, zcos(0s)|=E,rcos(6;)

Again, using the law of reflection, we have:
-~ cos(0; )~ . cos(0;)
E, + E, r=aE =
01T 0R T cos(h,) ° o7 Where o 0s(6,)

To recap: we have these two results: E, —E,z=pE,; and E, +E,x=cE,;

If we add these two results: (a+p|E,=2E, = I~EO,T=O%LBEO,I
i g Bl 2B | _[o=PBle
If we now use this to solve for the reflected field: E; =|1- +l3 = aFp E,

These two equations constitute “Fresnel's Equations.” There are 2 more of his
equations dealing with the case where the polarization is perpendicular to the
interface.

There are several special cases. Suppose 6,=90° . Then: EO,R:EO,I : the light is
completely reflected. Your author reminds you of driving at night on a wet road.

There is also another case: if o=p then the reflected intensity is zero. This is
Brewster's angle. Let's obtain it.
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b= zosi0] " (6:)=p%(1—sin*(0,)] - —p?—p’sin’(0,)
n3 n? 1-p?
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This is the famous result below:
2
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We can also get the reflection and transmission coefficients from this:

ea 1 2 lk [a—P . 2 2
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Also you should note that if a>p then the reflected wave is 180° out of phase
with the incident wave. But you expected this also from the problem of the string
with the knot.

There is also the critical angle. | refer you to problem 9.37 for work related to the
critical angle. (it is well worth reading at the minimum).



