1-D Dirac Delta Function

Consider this:
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In spherical coordinates, with spherical symmetry, this is:
_V>=li{r2]? so, V-~ Lo, (12

ror 2 ror
According to Gauss's theorem, though:
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in spherical coordinates, we then have:
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The two results are not in agreement. The only p055|ble conclu5|on is we took the
divergence wrong. In fact, the function diverges at the origin and this is one
definition of the Dirac delta functi+on defined by:

0 ifx =0 _
o(x)=\" i 2ol such that Jwé(x)dx 1
A couple of immediate properties that happen are these:
f(f)é(x)=f(0)6(x) and

[ £(x)8(x)dx=J £(0)5(x)dx=F(0 fa Jdx=f (0

We can also shift the delta function:

6(X_a):80 I']f);z: such that La(x—a)dx=1
f(x)d(x—a)=f(a)d(x—a) and

[ f(x)s(x—a)dx= [ f(a)s(x—a)dx=f(a) [ 8(x—a)dx=f(a)
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Let D1(x) and Dz(x) be two functions simply involving delta functions. Then
| f(x)D,(x)dx= ff (x)dx=D,(x)=D,(x)

for what your author calls ‘ ord|nary functions f(x).



Example 1.15: show that
fork=0, 6(kx):|1?|6(x)and in particular 5(—x)=98(x).

consider:

X=+ o0

f f(x)d(kx)dx

X=—o00

Now change variables: let y=kx.

Y=+ y=+wo
If k>0, then, [ f ) )=t f( ) y=2f(0)
y=—o y*—w
|fk<0, then
y=+x
f i ) —_—f f y)dy= ||<| f(0)
y=+wo y—oo

so since the two integrals are the same, we thus require that the two functions are
equal.



Problem 1.45
(@) Show that xd6< x)_ —8(x) .
dx

Using your author's hint, we have using integration by parts:

T oda(x) e dx d6 e d6( )
Xiwx dx __xiwé()d dx+x _—wiwa ax o)
(b) let B(x) be the Heviside step function defined by:
_|1 ifx>0 a0 _
0(x)= 0 if x<0l ° Show that I 8(x).

Consider f(x) which is bounded so that outside of an arbitrary finite interval, it
vanishes. Use integration by parts to obtain:
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f(x)0(x)7=0
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X=— X=—o0
X=+ 00 X=+©

f 0(x f —dx f(+o0)-f(0)=—F(0)

X=+ 0 dB( )
e dX
But, this is also true:

X=+ 0

= f f(x)d(x)dx

we thus have b;;_the conditions earlier:
do(x)

“ax o

dx=f(0)



