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( ) ( )2 ˆˆ ˆv r cos r r cos sin 3rθ θ θ θ ϕ= − +
�

 

Curve 1: (0,0,0)->(1,0,0): ˆd l dxx=
�

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

ˆ ˆ ˆ ˆr sin cos x sin sin y cos z

ˆ ˆ ˆ ˆcos cos x cos sin y sin z

ˆ ˆ ˆsin x cos y

= θ ϕ + θ ϕ + θ

θ = θ ϕ + θ ϕ − θ

ϕ = − ϕ + ϕ

 

( ) ( )

( ) ( )
( )

ˆ ˆr x sin cos

ˆ x̂ cos cos

ˆ ˆ ˆx sin x

• = θ ϕ

θ • = θ ϕ

ϕ• = − ϕ

 

( ) ( ) ( ) ( ) ( ) ( ) ( )2v dl r cos sin cos r cos sin cos cos 3r sinθ θ ϕ θ θ θ ϕ ϕ• = − −
��

 

along x axis: 
2

1

: 0 v d l 0 v dl 0πθ ϕ= = ⇒ • = ⇒ • =∫
� �� �

 

Along curve: 

ˆ ˆd l dxx dyy= +
�

but 
2
πθ=  so the only component of v that survives is the phi component. 

Thus: 

[ ] [ ]ˆ ˆ ˆv d l 3r dxx dyy 3r sin dx cos dyϕ ϕ ϕ• = • + = − +
��

 

The radius of this path is 1. Convert to polar coordinates: 

( )
2

2 2

3
2 2

0

x s cos dx ssin d dx sin d

y ssin dy scos d dy cos d

v d l 3r sin cos 3r

v dl 3

πϕ

π π

ϕ

ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

=

=

= ⇒ =− ⇒ =−

= ⇒ = ⇒ =

 ⇒ • = + =  

⇒ • = =∫

��

��

 

On the third path: y=1, x=0 and z varies between 0 and 2. 

Thus: ˆd l dzz=
�

 

Also in this plane, ϕ=90 degrees so  

( )

( )

ˆ ˆr z cos

ˆ ẑ sin

ˆ ẑ 0

• = θ

θ • = − θ

ϕ• =

 

( ) ( )2

2 2

v dl r cos cos r cos sin sin

r cos cos r cos 1 cos

r cos z

θ θ θ θ θ

θ θ θ θ

θ

• = +

 = + −  
= =

��

 

 

( ) ( )2 ˆˆ ˆv r cos r r cos sin 3rθ θ θ θ ϕ= − +
�

 



Now 

2 2

2

2

2 2z

y z

2z

1 z

z 2 z 2
2

z 4
2 20

z 0 z 0

cos : r y z : y 1

cos : r 1 z r cos z

v d l zdz 2

θ

θ θ

+

+

= =

= =

= = + = ⇒

⇒ = = + ⇒ =

• = = = =∫ ∫
��

 

( ) ( )2 ˆˆ ˆv r cos r r cos sin 3rθ θ θ θ ϕ= − +
�

 

Along the last segment: 

ˆ ˆd l dyy dzz= +
�

 

( ) ( )2 ˆˆ ˆv r cos r r cos sin 3rθ θ θ θ ϕ= − +
�

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( )

( ) ( )

2

ˆ ˆ ˆ ˆr sin cos x sin sin y cos z

ˆ ˆ ˆ ˆcos cos x cos sin y sin z

ˆ ˆ ˆsin x cos y

ˆ ˆ ˆ ˆr 0x sin y cos z

ˆ ˆ ˆ ˆ0x cos y sin z

ˆ ˆ ˆx 0y

ˆ ˆ ˆˆ ˆr y sin : r z cos r dl sin dy cos dz

ˆ ˆ ˆˆ ˆy cos : z sin

π

= θ ϕ + θ ϕ + θ

θ = θ ϕ + θ ϕ − θ

ϕ = − ϕ + ϕ

ϕ = ⇒

= + θ + θ

θ = + θ − θ

ϕ = − +

• = θ • = θ⇒ • = θ + θ

θ • = θ θ• = − θ⇒

�

dl cos dy sin dz

ˆ ˆˆ ˆy 0 : z 0

θ • = θ − θ

ϕ• = ϕ• =

�

 

( )[ ] ( )[ ]2

2 3 2 2

0

2 2

2

v dl r cos sin dy cos dz r cos sin cos dy sin dz

r cos sin dy r cos dz r cos sin dy r cos sin dz

r cos cos sin dz zdz zdz 2

θ θ θ θ θ θ θ

θ θ θ θ θ θ θ

θ θ θ

• = + − −

= + − +

 = + = ⇒ =−   ∫

��

 

So  

The complete answer: 3 3
2 2

I 2 2π π= + − =   

Stokes’ Theorem: 

( )
surface path

V dA V dl∇× • = •∫ ∫
��� � �

�  

In the plane, θθθθ=ππππ/2 
ˆˆ ˆv 0r 0 3rθ ϕ⇒ = − +

�
 

But 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

ˆ ˆ ˆ ˆr sin cos x sin sin y cos z

ˆ ˆ ˆ ˆcos cos x cos sin y sin z

ˆ ˆ ˆsin x cos y

= θ ϕ + θ ϕ + θ

θ = θ ϕ + θ ϕ − θ

ϕ = − ϕ + ϕ

 



so 

[ ] { }

2 2 2 2

y2 2 x

x y x y

3
x y z 4 2

ˆ ˆ ˆ ˆv 3 x y x y 3yx 3xy

ˆ ˆ ˆx y z

ˆ ˆ ˆ ˆv z z 3 3 6z v zdA 6

3y 3x 0

π π

+ +

∂ ∂ ∂
∂ ∂ ∂

 = + − + =− + 
 

   ∇× • = = −− = ⇒ ∇× • = =      
−

∫

�

� �� �

�

 

In the y-z plane: 

( ) ( )2 ˆˆ ˆv r cos r r cos sin 3rθ θ θ θ ϕ= − +
�

 

[ ] [ ]1 1
r r

ˆ ˆˆ ˆV 0r 0 6r 0 6∇× = + − θ + ϕ = − θ
� �  

ˆˆ ˆdA dydzx v dA 6 xdydzθ = ⇒ ∇× • =− •  
� � ��

 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

ˆ ˆ ˆ ˆr sin cos x sin sin y cos z

ˆ ˆ ˆ ˆcos cos x cos sin y sin z

ˆ ˆ ˆsin x cos y

= θ ϕ + θ ϕ + θ

θ = θ ϕ + θ ϕ − θ

ϕ = − ϕ + ϕ

 

( ) ( )ˆ x̂ cos cosθ• = θ ϕ and when 
2

ˆ x̂ 0πϕ θ= ⇒ • =  so I=0 also. 

The answers are thus in agreement. 


